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For any positive numbers a, ,..., a,,; X, ,..., x, and a nonzero real t, the 
Canada 
weighted mean of order t is defined as (e.g., see [ 1,4, 71) 
In particular, the weighted means of order -1, 0, and 1 are the harmonic, 
geometric, and arithmetic means. 
The monotonicity (i.e., monotonic-increasing) of the function M(t) of t has 
been widely used in statistical theory (e.g., see Norris [9]). There have been 
many proofs of the monotonicity of M(t) since 1858 17, 91. For example, by 
means of the convexity of the function x In x, the Holder inequality, and the 
Cauchy inequality three different proofs can be found in Beckenbach and 
Bellman [ 1, p. 171, Hardy, Littlewood and Polya 14, p. 271, and Mitrinovic 
17, p. 771, respectively. Still another proof can be readily given by noting the 
function x”‘, which is convex for 0 < s < t or s < 0 < t and concave for 
s < t < 0 (e.g., cf. Mitrinovic and Vasic [8 1). 
In this paper, we will associate the monotonicity of M(t) with inequality 
(3) (see below), which can be readily established by inequality (6) given in 
Beckenbach and Bellman [ 1, p. 171. However, as a continuation of Wang 
[ 10-121, we will give two other proofs of (3). In one of the proofs the 
functional equation approach of dynamic programming [1,2) is used. This 
will illustrate further the elegance and versatility of this approach 
11-3, 5, 6, 10-121. 
As usual, the differentiation of M(t) in (1) with respect o t yields 
M’(t) 1 In W) 
M(t)=F ML(t)’ (2) 
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where 
L(t) = [(xyl”: , . . (xf)“Al ‘/(a#l+ .. . +a,4. 
From (2), it follows that the monotonicity of M(t) is equivalent o 
W) > Jo) (3) 
Of 
f,(t) = a,x:L-'(t) + **- +a,x;L-'(f)<a, + a** +a,. (4) 
We now establish (4) by induction: (4) is trivially true for n = 1. To 
establish (4) for n = 2, we consider 
f(x) = f*(x) = (a, + a2x-‘) xa2”a1x+az), 
where x = (xJxJ’. 
Simple manipulations reveal that 
f ‘(x> ala2 -=- 
f(x) (a,x + a2>’ 
In x, 
f”(x) f’2(x) ala2 2afa, 
p-2=-(a,x+a,)2x+ (a,x+a2)3 In” f(x) f (x) 
The maximum is attained for x = 1 at whichf’ = 0,f” < 0, and soy(x) < 
f( 1) = a, + a, which is (4) for n = 2. The remaining routine induction 
process is thus omitted. 
To prove (3) through the functional equation approach, we consider the 
problem 
subject o 
aIx: + .-. + akx: 
ek =a’ 
a > 0, xj > Ov 
Ok= 5 aj, 1 <j<k, l<k<n. 
j=l 
(6) 





for 2 ,< k ,< n, with @,(a) = a. By induction it is straightforward that 
The minimum is attained for xf, = a, 2 < k < n. Combining it with (8). a 
simplification yields 
@kb) = aq l<k,<n. (9) 
It is now clear that inequality (3) follows from (5), (6), and (9). A!so the 
sign of equality holds if and only if all the xi are the same. 
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